RELATED RATES CALCULUS PROBLEMS

RELATED RATES CALCULUS PROBLEMS ARE AMONG THE MOST FASCINATING AND PRACTICAL APPLICATIONS OF DIFFERENTIAL
CALCULUS. THEY INVOLVE FINDING THE RATE AT WHICH ONE QUANTITY CHANGES IN RELATION TO ANOTHER, OFTEN USING
IMPLICIT DIFFERENTIATION AND THE CHAIN RULE. THESE PROBLEMS ARE COMMONLY ENCOUNTERED IN PHYSICS, ENGINEERING, AND
VARIOUS REAL-WORLD SCENARIOS WHERE MULTIPLE VARIABLES ARE INTERDEPENDENT. THIS ARTICLE WILL EXPLORE THE
FUNDAMENTALS OF RELATED RATES, OUTLINE THEIR COMMON APPLICATIONS, AND PROVIDE SEVERAL EXAMPLES TO ILLUSTRATE
HOW TO APPROACH AND SOLVE THESE TYPES OF PROBLEMS.

UNDERSTANDING RELATED RATES

RELATED RATES PROBLEMS TYPICALLY INVOLVE TWO OR MORE QUANTITIES THAT CHANGE WITH RESPECT TO TIME. THE GOAL IS
TO DETERMINE THE RATE OF CHANGE OF ONE QUANTITY GIVEN THE RATE OF CHANGE OF ANOTHER. | O EFFECTIVELY SOLVE THESE
PROBLEMS, IT IS VITAL TO FOLLOW A SYSTEMATIC APPROACH.

Key STepPs IN SoLVING RELATED RATES PROBLEMS

1. IDENTIFY THE V ARIABLES: DETERMINE WHICH QUANTITIES ARE CHANGING AND HOW THEY ARE RELATED. ASSIGN VARIABLES TO
EACH QUANTITY, AND ENSURE TO INCLUDE TIME AS A VARIABLE IF NECESSARY.

2. W/riTE DowN KNOwWN RATES: GATHER ALL THE INFORMATION PROVIDED IN THE PROBLEM, ESPECIALLY THE RATES OF CHANGE
THAT ARE GIVEN OR CAN BE DERIVED FROM THE CONTEXT.

3. ESTABLISH A RELATIONSHIP: FIND A MATHEMATICAL RELATIONSHIP BETWEEN THE VARIABLES. THIS COULD BE THROUGH
GEOMETRIC FORMULAS, PHYSICAL LAWS, OR ANY OTHER RELEVANT EQUATIONS.

4. DIFFERENTIATE WITH RESPECT TO TIME: APPLY IMPLICIT DIFFERENTIATION TO THE RELATIONSHIP YOU ESTABLISHED IN THE
PREVIOUS STEP. THIS WILL RELATE THE RATES OF CHANGE OF THE VARIABLES.

5. SuBSTITUTE KNOWN V ALUES: PLUG IN THE KNOWN RATES AND ANY OTHER RELEVANT VALUES INTO THE DIFFERENTIATED
EQUATION TO SOLVE FOR THE UNKNOWN RATE OF CHANGE.

6. INTERPRET THE RESULTS: ENSURE THE FINAL ANSWER IS IN THE CONTEXT OF THE PROBLEM, INCLUDING THE CORRECT UNITS,
AND MAKE SURE IT IS LOGICALLY SOUND.

CoMMON APPLICATIONS OF RELATED RATES

RELATED RATES PROBLEMS CAN BE FOUND IN VARIOUS FIELDS SUCH AS PHYSICS, ENGINEERING, AND EVEN EVERYDAY SCENARIOS.
HERE ARE SOME COMMON APPLICATIONS:

- PHYSICS: ANALYZING HOW THE SPEED OF A MOVING OBJECT AFFECTS OTHER QUANTITIES, SUCH AS DISTANCE OR ANGLE.

- ENGINEERING: DESIGNING SYSTEMS THAT INVOLVE FLUID DYNAMICS, SUCH AS THE RATE OF FLOW IN PIPES OR THE RATE OF
CHANGE OF PRESSURE.

- BIOLOGY: STUDYING POPULATION GROWTH RATES AND HOW THEY RELATE TO RESOURCE AVAILABILITY.

- EconoMics: UNDERSTANDING HOW THE RATE OF CHANGE OF ONE ECONOMIC VARIABLE INFLUENCES ANOTHER, SUCH AS PRICE
AND DEMAND.



ExAMPLES OF RELATED RATES PROBLEMS

TO FURTHER ILLUSTRATE HOW TO APPROACH RELATED RATES PROBLEMS, LET’S LOOK AT A FEW EXAMPLES.

ExAMPLE 1: THE EXPANDING BALLOON

PROBLEM STATEMENT: A SPHERICAL BALLOON IS INFLATING SUCH THAT ITS RADIUS IS INCREASING AT A RATE OF 2 CM/S. How
FAST IS THE VOLUME OF THE BALLOON INCREASING WHEN THE RADIUS IS 5 cMP

SOLUTION:

1. IDENTIFY THE V ARIABLES:

- LeT \(r \) BE THE RADIUS OF THE BALLOON (IN CM).

- LeT \( V' \) BE THE VOLUME OF THE BALLOON (IN cM®).
- Given \( \rrac{or}DT} =2 \) cM/s.

2. KNowN FORMULA:
THe voLuMe \( V \) OF A SPHERE IS GIVEN BY:

\[
V = \rrac{43}{3} \PIr"3
\]

3. DIFFERENTIATE WITH RESPECT TO TIME:
USING THE CHAIN RULE:

\[

\rrAac{pV}{oT} = \rrac{pV}{pr} \cpoT \rrac{Dr}{DT}
\]

FirsT, FinD \( \FrRac{DpV }{or} \):

\[
\rrAac{pV}{or} =4 \PIr"2
\]

4. SUBSTITUTING KNOWN V ALUES:
AT\(r=5\) cm:

\[

\rrac{oV}or} =4 \p1 (5)*2 =100 \pi
\]

NOW SUBSTITUTE INTO THE EQUATION:

\[

\rrac{pV}{oT} = 100 \pi \cooT 2 = 200 \pi \TexT{ cM}"3/\TeEXT{S}
\]

5. INTERPRET THE RESULT:
THE VOLUME OF THE BALLOON IS INCREASING AT A RATE ofF \( 200 \pi \) cM3/s WHEN THE RADIUS IS 5 CM.

ExAMPLE 2: A LADDER AGAINST A W ALL

PROBLEM STATEMENT: A TO-FOOT LADDER IS LEANING AGAINST A WALL. |[F THE BOTTOM OF THE LADDER IS SLIDING AWAY
FROM THE WALL AT A RATE OF 1 FT/S, HOW FAST IS THE TOP OF THE LADDER SLIDING DOWN THE WALL WHEN THE BOTTOM IS
6 FEET FROM THE WALL?

SOLUTION:

1. IDENTIFY THE V ARIABLES:



- LeT \( x \) BE THE DISTANCE FROM THE WALL TO THE BOTTOM OF THE LADDER (IN FT).
- LeT \( ¥ \) BE THE HEIGHT OF THE LADDER ON THE WALL (IN FT).
- Given \( \rrac{pxHoT} = 1 \) F1/s.

2. KNowN FORMULA:
THE LADDER FORMS A RIGHT TRIANGLE, SO USING THE PYTHAGOREAN THEOREM:

\[
x"2 +v*2=10"2
\]

3. DIFFERENTIATE WITH RESPECT TO TIME:
DIFFERENTIATE BOTH SIDES:

\[

2x \rrac{px}{oT} + 2v \rrac{oY}{pT} =0
\]

SIMPLIFYING GIVES:

\[
x \rrac{oxHpT} + v \rrac{ov}{pT} =0

\]

4. SUBSTITUTING KNOWN V ALUES:
WHeN \(x = 6 \) FT, we Fino \( v \):

>>["2 +y*2 =100 \iMpLiES Y"2 = 64 \iMpLiES ¥ = 8 \TeXT{ FT}

>>[( 1) + 8 \rrac{oy}oT} =0

\S]OLVING For \('\rrac{DY}{DT} \):

%E \rrAc{DY}{DT} = -6 \iMpLiES \FRAC{DY}DT} = -\FrAC{3}{4} \TexT{ FT/s}

5. INTERPRET THE RESULT:
THE TOP OF THE LADDER IS SLIDING DOWN THE WALL AT A RATE of \( \FRAc{3}{4} \) FT/s WHEN THE BOTTOM IS 6 FEET
FROM THE WALL.

CoNCLUSION

IN SUMMARY , RELATED RATES CALCULUS PROBLEMS PRESENT A SYSTEMATIC WAY TO ANALYZE HOW DIFFERENT QUANTITIES
CHANGE WITH RESPECT TO ONE ANOTHER OVER TIME. BY FOLLOWING THE STEPS OUTLINED IN THIS ARTICLE, ONE CAN
EFFECTIVELY TACKLE THESE PROBLEMS AND APPLY THEIR KNOWLEDGE IN VARIOUS FIELDS SUCH AS PHYSICS, ENGINEERING, AND
BEYOND. MASTERING RELATED RATES NOT ONLY ENHANCES ONE’S PROBLEM-SOLVING SKILLS BUT ALSO DEEPENS THE
UNDERSTANDING OF HOW INTERCONNECTED DIFFERENT VARIABLES CAN BE IN THE REAL WORLD. AS YOU PRACTICE MORE PROBLEMS
OF THIS NATURE, YOU WILL BECOME MORE COMFORTABLE WITH THE UNDERLYING PRINCIPLES AND TECHNIQUES, ALLOWING YOU
TO TACKLE INCREASINGLY COMPLEX SCENARIOS.

FREQUENTLY ASkeD QUESTIONS

\WHAT ARE RELATED RATES PROBLEMS IN CALCULUS?

RELATED RATES PROBLEMS INVOLVE FINDING THE RATE OF CHANGE OF ONE QUANTITY IN RELATION TO THE RATE OF CHANGE OF
ANOTHER QUANTITY, TYPICALLY USING DERIVATIVES AND THE CHAIN RULE.



How DO YOU SET UP A RELATED RATES PROBLEM?

ToO SET UP A RELATED RATES PROBLEM, START BY IDENTIFYING THE TWO OR MORE QUANTITIES THAT ARE CHANGING, RELATE
THEM USING A RELEVANT EQUATION, DIFFERENTIATE BOTH SIDES WITH RESPECT TO TIME, AND THEN SOLVE FOR THE DESIRED
RATE.

CAN YOU PROVIDE AN EXAMPLE OF A RELATED RATES PROBLEM?

SURE! A CLASSIC EXAMPLE IS DETERMINING HOW FAST THE WATER LEVEL IN A CONE-SHAPED TANK IS RISING AS WATER IS
POURED INTO IT. YOU WOULD USE THE VOLUME FORMULA FOR THE CONE AND RELATE THE VOLUME'S CHANGE TO THE HEIGHT'S
CHANGE.

\WW/HAT ROLE DOES THE CHAIN RULE PLAY IN RELATED RATES?

THE CHAIN RULE IS ESSENTIAL IN RELATED RATES BECAUSE IT ALLOWS YOU TO EXPRESS THE DERIVATIVE OF ONE VARIABLE IN
TERMS OF ANOTHER, LINKING THEIR RATES OF CHANGE TOGETHER WHEN DIFFERENTIATING AN EQUATION INVOLVING MULTIPLE
VARIABLES.

How cAN | PRACTICE RELATED RATES CALCULUS PROBLEMS EFFECTIVELY?

To PRACTICE RELATED RATES PROBLEMS EFFECTIVELY, WORK THROUGH VARIOUS EXAMPLES, START WITH SIMPLER PROBLEMS,
GRADUALLY INCREASE DIFFICULTY, AND UTILIZE RESOURCES LIKE ONLINE PROBLEM SETS OR CALCULUS TEXTBOOKS THAT FOCUS
ON APPLICATIONS OF DERIVATIVES.
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