prove that the set of all algebraic
numbers is countable

Prove that the set of all algebraic numbers is countable. In mathematics, algebraic numbers
play a crucial role in various fields, including number theory, algebra, and analysis. An
algebraic number is defined as any complex number that is a root of a non-zero polynomial
equation with rational coefficients. This article aims to provide a comprehensive proof that
the set of all algebraic numbers is countable, exploring the properties of algebraic numbers
and employing various mathematical concepts to establish this result.

Understanding Algebraic Numbers

Algebraic numbers can be broadly categorized based on their degree. The degree of an
algebraic number is defined as the degree of the polynomial for which it is a root. For
instance, the number \( \sqrt{2} \) is a root of the polynomial \( x~2 -2 = 0\), making it a
degree 2 algebraic number.

Definition and Examples

1. Definition: An algebraic number \( \alpha ) is a solution to the equation:

\[

anx™n+a {n-1} x*{n-1} +\ldots+a 1x+a 0=0

\]

where \( a_0, a_1, \ldots, a_n\) are rational numbers (i.e., \( a_i \in \mathbb{Q} \)) and \(
a_n\neq0)\).

2. Examples:

- The rational numbers \( \frac{1}{2} \) and \( -3\) are algebraic numbers since they are
roots of the polynomials \( x - \frac{1}{2} = 0\) and \( x + 3 = 0), respectively.

- The square root \( \sqrt{3} \) is an algebraic number, being a solution to \( x~2 -3 = 0).
- The number \(i\) (the imaginary unit) is algebraic because itis a root of \( x~2 + 1 =0).

Countability of Algebraic Numbers

To prove that the set of all algebraic numbers is countable, we will show that we can list all
algebraic numbers in a sequence. The strategy involves two main steps:

1. Count the set of polynomials with rational coefficients.
2. Count the roots of these polynomials.



Step 1: Counting Polynomials with Rational Coefficients

The set of all polynomials with rational coefficients can be expressed as:
\[

P(x) =a nx™n+a {n-1} x~{n-1} + \ldots+a 1 x+a 0

\]

where \( a_i \in \mathbb{Q} \) and \( n\) is a non-negative integer.

1. Count the coefficients: The rational numbers \( \mathbb{Q} \) are countable. Therefore,
the set of sequences (coefficients) from \( \mathbb{Q} \) is also countable.

2. Count the degree: The degree \( n\) of the polynomial can be any non-negative integer,
which is also countable.

3. Forming the set of polynomials: For each degree \( n\), we can construct a set of
polynomials with rational coefficients:

- The set of polynomials of degree \( n\) is:

\[

P n=\{a_n a_{n-1},\ldots, a_0\,|\, a_i \in \mathbb{Q}, \, a_n \neq 0 \}

\]

- The union of all such sets over all \( n\) gives us:

\[

P = \bigcup_{n=0}"{\infty} P_n

\]

- Since the union of countably many countable sets is countable, \( P \) is countable.

Step 2: Counting Roots of Polynomials

Now, we need to consider the roots of the polynomials we counted previously.

1. Roots of a polynomial: A polynomial of degree \( n\) can have at most \( n\) roots. Thus,
the roots of any polynomial \( P(x) \) with rational coefficients are either algebraic or not.

2. Count the roots: Given that each polynomial \( P \) is associated with a finite number of
roots (at most \( n\)), we can enumerate these roots as follows:

- For a polynomial of degree \( n\) with rational coefficients, the roots can be expressed in
terms of \( n\) and the coefficients of the polynomial.

3. Union of roots: By taking the union of the roots of all polynomials in \( P \):

\[

R = \bigcup_{P\in P} \text{Roots}(P)

\]

Since for every polynomial \( P \) there are finitely many roots, and \( P ) itself is countable,
the union \( R\) is also countable.



Constructing the Set of Algebraic Numbers

Having established that both the polynomials with rational coefficients and their roots are
countable, we can conclude the following:

1. The set of all algebraic numbers \( A\): The set of all algebraic numbers is simply the set
of all roots of all polynomials with rational coefficients:

\[

A=R

\]

Since \( R\) is countable, we conclude that \( A\) is also countable.

2. Conclusion: Therefore, we have shown that the set of all algebraic numbers is countable
by demonstrating that it can be expressed as a countable union of finite sets (the roots of
polynomials).

Implications and Further Discussion

The countability of algebraic numbers has significant implications in various areas of
mathematics:

1. Density in the Real Numbers: Algebraic numbers, while countable, are dense in the real
numbers \( \mathbb{R} \). This means that between any two real numbers, there exists at
least one algebraic number.

2. Relation to Transcendental Numbers: The set of transcendental numbers, which are not
roots of any polynomial with rational coefficients, is uncountable. Thus, while algebraic
numbers are countable, transcendental numbers form a vast majority in the real number
system.

3. Applications: The properties of algebraic numbers are utilized in various fields, including
cryptography, numerical analysis, and algebraic geometry. Understanding their structure
aids in the exploration of polynomial equations and their solutions.

In conclusion, the proof that the set of all algebraic numbers is countable is rooted in the
properties of polynomials and their roots. By systematically counting and organizing these
elements, we arrive at a fundamental conclusion that enriches our understanding of
mathematics.

Frequently Asked Questions

What is an algebraic number?

An algebraic number is a complex number that is a root of a non-zero polynomial equation
with rational coefficients.



Why is it important to show that the set of algebraic
numbers is countable?

Demonstrating that the set of algebraic numbers is countable helps to understand the size
and structure of different sets of numbers, particularly in relation to the uncountable set of
real numbers.

How can we represent algebraic numbers
mathematically?

Algebraic numbers can be represented as roots of polynomial equations of the form P(x) =
0, where P is a polynomial with rational coefficients.

What is the first step in proving that the set of
algebraic numbers is countable?

The first step is to note that for each positive integer n, the set of roots of polynomials of
degree n with rational coefficients is finite.

How do we use the concept of rational coefficients in
the proof?

We can list all possible polynomials with rational coefficients and a fixed degree, then show
that the roots of these polynomials are algebraic numbers.

What role does the countability of rational numbers
play in this proof?

Since the set of rational numbers is countable, the set of all polynomials with rational
coefficients (which can be formed from countably many coefficients) is also countable,
leading to a countable union of finite sets.

What is the conclusion of the proof?

The conclusion is that since the union of countably many finite sets is countable, the set of
all algebraic numbers is countable.

Are there any uncountable sets that include algebraic
numbers?

Yes, the set of all real numbers is uncountable, and it includes the countable set of
algebraic numbers along with other uncountable sets like transcendental numbers.
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