LINEAR ALGEBRA EIGENVALUES AND EIGENVECTORS

LINEAR ALGEBRA EIGENVALUES AND EIGENVECTORS ARE FUNDAMENTAL CONCEPTS IN THE FIELD OF LINEAR ALGEBRA THAT PLAY A
CRITICAL ROLE IN VARIOUS APPLICATIONS ACROSS SCIENCE, ENGINEERING, AND DATA ANALYSIS. UNDERSTANDING EIGENV ALUES
AND EIGENVECTORS IS ESSENTIAL FOR SOLVING SYSTEMS OF LINEAR EQUATIONS, PERFORMING MATRIX DECOMPOSITIONS, AND
ANALYZING LINEAR TRANSFORMATIONS. THIS ARTICLE PROVIDES A COMPREHENSIVE OVERVIEW OF THESE CONCEPTS, INCLUDING
THEIR DEFINITIONS, PROPERTIES, METHODS FOR COMPUTATION, AND PRACTICAL APPLICATIONS. IT ALSO EXPLORES THE
THEORETICAL BACKGROUND THAT UNDERPINS EIGENVALUES AND EIGENVECTORS, HELPING TO CLARIFY THEIR SIGNIFICANCE IN BOTH
PURE AND APPLIED MATHEMATICS. READERS WILL GAIN INSIGHT INTO HOW THESE MATHEMATICAL TOOLS ARE USED IN DISCIPLINES
SUCH AS PHYSICS, COMPUTER SCIENCE, AND ECONOMICS. THE DISCUSSION WILL COVER CHARACTERISTIC POLYNOMIALS,
DIAGONALIZATION, AND THE SPECTRAL THEOREM, AMONG OTHER KEY TOPICS. THE FOLLOWING SECTIONS OUTLINE THE MAIN
POINTS DISCUSSED IN THIS ARTICLE.

o DEFINITION AND BAsic CoNCEPTS

COMPUTING EIGENVALUES AND EIGENVECTORS

® PROPERTIES AND THEOREMS

® APPLICATIONS OF EIGENVALUES AND EIGENVECTORS

ADVANCED ToOPICS IN EIGENVALUE PROBLEMS

DeriNiTION AND BAsIC CONCEPTS

\WHAT ARE EIGENVALUES AND EIGENVECTORS?

IN LINEAR ALGEBRA, EIGENVALUES AND EIGENVECTORS ARE DEFINED IN THE CONTEXT OF SQUARE MATRICES AND LINEAR
TRANSFORMATIONS. GIVEN A SQUARE MATRIX A, AN EIGENVECTOR IS A NONZERO VECTOR V SUCH THAT WHEN A ACTS ON Vv,
THE OUTPUT IS A SCALAR MULTIPLE OF V. FORMALLY, THIS RELATIONSHIP IS EXPRESSED AS AV = A V, WHERE A IS A SCALAR
CALLED THE EIGENVALUE CORRESPONDING TO THE EIGENVECTOR V. THE EIGENVALUE REPRESENTS THE FACTOR BY WHICH THE
EIGENVECTOR IS SCALED DURING THE TRANSFORMATION.

GEOMETRIC INTERPRETATION

EIGENVECTORS CAN BE UNDERSTOOD GEOMETRICALLY AS DIRECTIONS IN THE VECTOR SPACE THAT REMAIN INVARIANT UNDER THE
LINEAR TRANSFORMATION REPRESENTED BY MATRIX A. THE EIGENVALUES INDICATE HOW MUCH THE EIGENVECTORS ARE
STRETCHED OR COMPRESSED. FOR EXAMPLE, IF AN EIGENVALUE IS GREATER THAN ONE, THE CORRESPONDING EIGENVECTOR IS
STRETCHED, IF IT IS BETWEEN ZERO AND ONE, IT IS COMPRESSED. NEGATIVE EIGENVALUES IMPLY A REFLECTION IN ADDITION TO
SCALING.

CHARACTERISTIC EQUATION

THE EIGENVALUES OF A MATRIX ARE FOUND BY SOLVING THE CHARACTERISTIC EQUATION, WHICH IS DERIVED FROM THE
DETERMINANT OF THE MATRIX A MINUS A SCALAR MULTIPLE OF THE IDENTITY MATRIX /. THE CHARACTERISTIC EQUATION IS
GIVEN BY:

petf(A-AD=0



SOLVING THIS POLYNOMIAL EQUATION FOR A YIELDS THE EIGENVALUES OF A. EACH EIGENVALUE MAY HAVE ONE OR MORE
ASSOCIATED EIGENVECTORS.

CoMPUTING EIGENVALUES AND EIGENVECTORS

STeEP-BY-STEP COMPUTATION

COMPUTING EIGENVALUES AND EIGENVECTORS INVOLVES SEVERAL STEPS THAT START WITH FORMING THE CHARACTERISTIC
POLYNOMIAL. FIRST, CALCULATE THE DETERMINANT OF A - A/ THIS RESULTS IN A POLYNOMIAL IN TERMS OF A. THE ROOTS OF
THIS POLYNOMIAL ARE THE EIGENVALUES. ONCE EIGENVALUES ARE FOUND, SUBSTITUTE EACH EIGENVALUE BACK INTO THE
EQUATION (A - /\/)V = (0 TO SOLVE FOR THE EIGENVECTORS. THIS STEP TYPICALLY INVOLVES SOLVING A SYSTEM OF LINEAR
EQUATIONS.

ExAMPLE CALCULATION

CONSIDER A 2X2 MATRIX A:

* A=[l4,1] 2 3]]

TO FIND THE EIGENVALUES, SOLVE DET(A - A/) = 0:
DET([[4 - A, 1],[2,3-AID=(4-A)B-A)-2=A%2-7A+170=0

THE ROOTS OF A2 - 7A + TOARE A =5 AND A = 2. THESE ARE THE EIGENVALUES. TO FIND EIGENVECTORS, SUBSTITUTE A = 5
INTO (A - 6/)v = 0 AND SOLVE FOR V. REPEAT FOR A = 2.

NUMERICAL METHODS FOR LARGE MATRICES

FOR LARGE MATRICES, DIRECT COMPUTATION OF EIGENVALUES AND EIGENVECTORS CAN BE COMPUTATIONALLY EXPENSIVE.
NUMERICAL ALGORITHMS SUCH AS THE QR ALGORITHM, POWER ITERATION, ANDJACOBI METHOD ARE COMMONLY USED. THESE
METHODS APPROXIMATE EIGENVALUES AND EIGENVECTORS EFFICIENTLY, WHICH IS ESSENTIAL IN FIELDS LIKE MACHINE LEARNING
AND SCIENTIFIC COMPUTING.

PROPERTIES AND THEOREMS

Key PROPERTIES OF EIGENVALUES AND EIGENVECTORS

EIGENVALUES AND EIGENVECTORS POSSESS SEVERAL IMPORTANT PROPERTIES THAT FACILITATE THEIR USE IN LINEAR ALGEBRA
AND RELATED DISCIPLINES!

® THE SUM OF THE EIGENVALUES OF A MATRIX EQUALS THE TRACE OF THE MATRIX (SUM OF DIAGONAL ELEMENTS).
® THE PRODUCT OF THE EIGENVALUES EQUALS THE DETERMINANT OF THE MATRIX.

® |F AMATRIX IS SYMMETRIC, ALL ITS EIGENVALUES ARE REAL NUMBERS.

EIGENVECTORS CORRESPONDING TO DISTINCT EIGENVALUES OF SYMMETRIC MATRICES ARE ORTHOGONAL.



DIAGONALIZATION

A MATRIX A IS DIAGONALIZABLE IF IT CAN BE EXPRESSED AS A = PDP ™" WHERE D IS A DIAGONAL MATRIX WHOSE DIAGONAL
ELEMENTS ARE EIGENVALUES OF A, AND P IS A MATRIX WHOSE COLUMNS ARE THE CORRESPONDING EIGENVECTORS.
DIAGONALIZATION SIMPLIFIES MANY MATRIX COMPUTATIONS, SUCH AS RAISING MATRICES TO POWERS AND SOLVING
DIFFERENTIAL EQUATIONS.

SPECTRAL THEOREM

THE SPECTRAL THEOREM STATES THAT ANY REAL SYMMETRIC MATRIX CAN BE DIAGONALIZED BY AN ORTHOGONAL MATRIX. THIS
MEANS THAT SUCH MATRICES HAVE A FULL SET OF ORTHONORMAL EIGENVECTORS, AND THEIR EIGENVALUES ARE REAL. THiS
THEOREM IS FOUNDATIONAL IN FIELDS LIKE QUANTUM MECHANICS AND VIBRATION ANALYSIS.

APPLICATIONS OF EIGENVALUES AND EIGENVECTORS

PrINCIPAL CoMPONENT ANALYSIS (PCA)

PCA IS A STATISTICAL PROCEDURE THAT USES EIGENVALUES AND EIGENVECTORS OF THE COVARIANCE MATRIX OF A DATASET
TO IDENTIFY THE DIRECTIONS (PRINCIPAL COMPONENTS) THAT MAXIMIZE VARIANCE. THIS TECHNIQUE REDUCES DIMENSIONALITY
AND IS WIDELY USED IN DATA SCIENCE AND MACHINE LEARNING FOR FEATURE EXTRACTION AND VISUALIZATION.

STABILITY ANALYSIS IN SYSTEMS

IN CONTROL THEORY AND DIFFERENTIAL EQUATIONS, EIGENVALUES DETERMINE THE STABILITY OF EQUILIBRIUM POINTS. IF ALL
EIGENVALUES OF THE SYSTEM MATRIX HAVE NEGATIVE REAL PARTS, THE SYSTEM IS STABLE. EIGENVECTORS PROVIDE THE
DIRECTIONS ALONG WHICH THE SYSTEM EVOLVES.

QUANTUM MECHANICS

EIGENVALUES CORRESPOND TO OBSERVABLE QUANTITIES LIKE ENERGY LEVELS, WHILE EIGENVECTORS REPRESENT THE STATE
VECTORS OF A QUANTUM SYSTEM. THE SCHR DINGER EQUATION IS FUNDAMENTALLY AN EIGENVALUE PROBLEM, MAKING THESE
CONCEPTS ESSENTIAL IN PHYSICS.

OTHeR APPLICATIONS

EIGENVALUES AND EIGENVECTORS ARE ALSO USED IN:

o GOOGLE’S PAGERANK ALGORITHM TO RANK WEB PAGES.
® MECHANICAL ENGINEERING FOR MODAL ANALYSIS OF STRUCTURES.

® ECONOMICS FOR ANALYZING INPUT-OUTPUT MODELS.



ADVANCED TOPICS IN EIGENVALUE PROBLEMS

GENERALIZED EIGENVALUE PROBLEM

THE GENERALIZED EIGENVALUE PROBLEM EXTENDS THE STANDARD EIGENVALUE PROBLEM TO TWO MATRICES A AND B, SEEKING
SCALARS A AND VECTORS V SUCH THAT A V = A B V. THIS FORMULATION ARISES IN APPLICATIONS WHERE TRANSFORMATIONS
INVOLVE CONSTRAINTS OR WEIGHTED METRICS.

CoMpPLEX EIGENVALUES AND EIGENVECTORS

NOT ALL MATRICES HAVE REAL EIGENVALUES, SOME HAVE COMPLEX EIGENVALUES AND EIGENVECTORS. THIS OCCURS ESPECIALLY
IN NON-SYMMETRIC OR NON-HERMITIAN MATRICES. COMPLEX EIGENVALUES OFTEN ARISE IN SYSTEMS WITH OSCILLATORY
BEHAVIOR AND ARE HANDLED USING COMPLEX VECTOR SPACES.

JorpAN CANONICAL FOrRM

W/HEN A MATRIX IS NOT DIAGONALIZABLE, IT CAN BE TRANSFORMED INTO ITSJORDAN CANONICAL FORM, WHICH GENERALIZES
DIAGONALIZATION BY INCLUDINGJORDAN BLOCKS. THIS FORM REVEALS THE STRUCTURE OF EIGENVALUES AND THE PRESENCE OF
GENERALIZED EIGENVECTORS, PROVIDING DEEPER INSIGHT INTO THE MATRIX’S BEHAVIOR.

FREQUENTLY AskeD QUESTIONS

\WHAT ARE EIGENVALUES AND EIGENVECTORS IN LINEAR ALGEBRA?

EIGENVALUES ARE SCALARS ASSOCIATED WITH A SQUARE MATRIX THAT INDICATE HOW THE MATRIX STRETCHES OR
COMPRESSES VECTORS. EIGENVECTORS ARE NON-ZERO VECTORS THAT ONLY GET SCALED (NOT ROTATED) WHEN THE MATRIX IS
APPLIED, SATISFYING THE EQUATION AX = AX, WHERE A IS THE MATRIX, X IS THE EIGENVECTOR, AND A IS THE EIGENV ALUE.

How DO YOU FIND THE EIGENVALUES OF A MATRIX?

TO FIND THE EIGENVALUES OF A MATRIX A, SOLVE THE CHARACTERISTIC EQUATION DET(A - /\|) = O, WHERE | IS THE IDENTITY
MATRIX AND A REPRESENTS THE EIGENVALUES. THE SOLUTIONS A ARE THE EIGENVALUES.

\WHAT IS THE GEOMETRIC INTERPRETATION OF EIGENVECTORS?

EIGENVECTORS REPRESENT DIRECTIONS IN WHICH A LINEAR TRANSFORMATION ACTS BY STRETCHING OR COMPRESSING, WITHOUT
CHANGING THE DIRECTION OF THE VECTOR. THEY INDICATE INVARIANT DIRECTIONS UNDER THE TRANSFORMATION REPRESENTED BY
THE MATRIX.

\WHY ARE EIGENVALUES AND EIGENVECTORS IMPORTANT?

EIGENVALUES AND EIGENVECTORS ARE FUNDAMENTAL IN MANY APPLICATIONS SUCH AS STABILITY ANALYSIS, VIBRATION
ANALYSIS, FACIAL RECOGNITION, PRINCIPAL COMPONENT ANALYSIS (PCA)/ QUANTUM MECHANICS, AND DIFFERENTIAL
EQUATIONS, BECAUSE THEY REVEAL INTRINSIC PROPERTIES OF LINEAR TRANSFORMATIONS.

CAN EIGENVALUES BE COMPLEX NUMBERS?

YES/ EIGENVALUES CAN BE COMPLEX NUMBERS, ESPECIALLY WHEN THE MATRIX HAS COMPLEX ENTRIES OR IF THE MATRIX IS NOT
SYMMETRIC. COMPLEX EIGENVALUES OFTEN OCCUR IN PAIRS OF CONJUGATES FOR REAL MATRICES.



\WHAT IS THE DIFFERENCE BETWEEN EIGENVALUES AND SINGULAR VALUES?

EIGENVALUES ARE SCALARS ASSOCIATED WITH SQUARE MATRICES THAT SATISFY AX = AX, WHEREAS SINGULAR VALUES ARE
ALWAYS NON-NEGATIVE REAL NUMBERS OBTAINED FROM THE SINGULAR VALUE DECOMPOSITION (S\/D) OF ANY MATRIX, NOT
NECESSARILY SQUARE, AND REPRESENT THE MAGNITUDE OF STRETCHING ALONG ORTHOGONAL DIRECTIONS.

How DO EIGENVECTORS RELATE TO DIAGONALIZATION?

A MATRIX IS DIAGONALIZABLE IF IT HAS ENOUGH LINEARLY INDEPENDENT EIGENVECTORS TO FORM A BASIS. IN THIS CASE, THE
MATRIX CAN BE EXPRESSED AS PDP ™", WHERE D IS A DIAGONAL MATRIX OF EIGENVALUES, AND P IS THE MATRIX WHOSE
COLUMNS ARE THE CORRESPONDING EIGENVECTORS.

WHAT IS THE SIGNIFICANCE OF THE ALGEBRAIC AND GEOMETRIC MULTIPLICITY OF
EIGENV ALUES?

ALGEBRAIC MULTIPLICITY IS THE NUMBER OF TIMES AN EIGENVALUE APPEARS AS A ROOT OF THE CHARACTERISTIC POLYNOMIAL
WHILE GEOMETRIC MULTIPLICITY IS THE DIMENSION OF THE EIGENSPACE ASSOCIATED WITH THAT EIGENVALUE. THE GEOMETRIC
MULTIPLICITY IS ALWAYS LESS THAN OR EQUAL TO THE ALGEBRAIC MULTIPLICITY AND DETERMINES WHETHER A MATRIX IS
DIAGONALIZABLE.
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ADDITIONAL RESOURCES

1. INTRoDUCTION TO LINEAR ALGEBRA BY GILBERT STRANG

THIS WIDELY ACCLAIMED TEXTBOOK OFFERS A CLEAR AND COMPREHENSIVE INTRODUCTION TO LINEAR ALGEBRA CONCEPTS,
EMPHASIZING EIGENVALUES AND EIGENVECTORS. STRANG’S APPROACH BALANCES THEORY AND APPLICATION, MAKING IT
ACCESSIBLE FOR STUDENTS NEW TO THE SUBJECT. THE BOOK INCLUDES NUMEROUS EXAMPLES AND EXERCISES THAT DEEPEN
UNDERSTANDING OF MATRIX OPERATIONS AND DIAGONALIZATION.

2. LiNeAR ALGEBRA AND ITS APPLICATIONS BY DAvVID C. LAY

LAY’S BOOK IS KNOWN FOR ITS STUDENT-FRIENDLY STYLE AND PRACTICAL APPROACH TO LINEAR ALGEBRA, FOCUSING
EXTENSIVELY ON EIGENVALUES AND EIGENVECTORS. |T EXPLAINS KEY CONCEPTS WITH CLARITY AND PROVIDES REAL-WORLD
APPLICATIONS TO ILLUSTRATE THE IMPORTANCE OF THESE TOPICS. THE TEXT IS COMPLEMENTED BY A VARIETY OF PROBLEMS TO
REINFORCE LEARNING.

3. MATrRIX ANALYSIS BY ROGER A. HORN AND CHARLES R. JOHNSON

THIS ADVANCED TEXT DELVES DEEPLY INTO THE THEORY OF MATRICES, INCLUDING THOROUGH COVERAGE OF EIGENVALUES AND
EIGENVECTORS. |T IS IDEAL FOR GRADUATE STUDENTS AND RESEARCHERS INTERESTED IN A RIGOROUS MATHEMATICAL TREATMENT.
THE BOOK COVERS SPECTRAL THEORY, MATRIX DECOMPOSITIONS, AND APPLICATIONS IN VARIOUS MATHEMATICAL FIELDS.

4. EIGENVALUES, INEQUALITIES, AND ERGODIC THEORY BY W/ILLIAM PARRY

PARRY’S BOOK EXPLORES THE ROLE OF EIGENVALUES IN ERGODIC THEORY AND RELATED INEQUALITIES. |T PROVIDES INSIGHT INTO
THE INTERPLAY BETWEEN LINEAR ALGEBRA AND DYNAMICAL SYSTEMS. THE TEXT IS SUITED FOR READERS WITH A STRONG
MATHEMATICAL BACKGROUND SEEKING SPECIALIZED KNOWLEDGE.

5. AppLIED LINEAR ALGEBRA AND MATRIX ANALYSISBY THOMAS S. SHORES

THIS BOOK FOCUSES ON THE PRACTICAL ASPECTS OF LINEAR ALGEBRA, WITH DEDICATED SECTIONS ON EIGENVALUES AND
EIGENVECTORS. SHORES EMPHASIZES COMPUTATIONAL TECHNIQUES AND APPLICATIONS IN ENGINEERING AND SCIENCE. THE
MATERIAL IS PRESENTED IN A WAY THAT BALANCES THEORY WITH HANDS-ON PROBLEM SOLVING.

6. LINEAR ALGEBRA DONE RIGHT BY SHELDON AXLER

AXLER’S BOOK TAKES A UNIQUE APPROACH BY MINIMIZING RELIANCE ON DETERMINANTS AND FOCUSING ON EIGENVALUES FROM A
CONCEPTUAL STANDPOINT. |T IS WELL-REGARDED FOR ITS ELEGANT PROOFS AND CLEAR EXPOSITION, MAKING COMPLEX TOPICS
MORE INTUITIVE. THE TEXT IS IDEAL FOR STUDENTS WHO WANT A DEEPER THEORETICAL UNDERSTANDING OF EIGENVECTORS AND
EIGENV ALUES.

7. NumericAL LiINeAR ALGEBRA BY LLoYD N. TREFETHEN AND DAvID Bau |



THIS TEXT ADDRESSES THE NUMERICAL METHODS USED TO COMPUTE EIGENVALUES AND EIGENVECTORS IN PRACTICAL SETTINGS.
[T COVERS ALGORITHMIC STRATEGIES, ERROR ANALYSIS, AND COMPUTATIONAL CONSIDERATIONS. THE BOOK IS ESSENTIAL FOR
STUDENTS AND PROFESSIONALS WORKING WITH LARGE-SCALE LINEAR ALGEBRA PROBLEMS.

8. MaTrIX ComMPUTATIONS BY GENE H. GoLue AND CHARLES F. VAN LoAN

GoLUB AND VAN LOAN PROVIDE A COMPREHENSIVE GUIDE TO MATRIX ALGORITHMS, INCLUDING THOSE FOR EIGENVALUE AND
EIGENVECTOR COMPUTATIONS. THE BOOK IS A CORNERSTONE REFERENCE FOR NUMERICAL LINEAR ALGEBRA, COMBINING THEORY
WITH PRACTICAL IMPLEMENTATION. |T IS HIGHLY RECOMMENDED FOR APPLIED MATHEMATICIANS AND COMPUTER SCIENTISTS.

Q. FUNDAMENTALS oF MATRIX CoMPUTATIONS BY DAVID S. W ATKINS

THIS BOOK PRESENTS A THOROUGH INTRODUCTION TO MATRIX COMPUTATIONS WITH A STRONG EMPHASIS ON EIGENVALUE
PROBLEMS. W/ ATKINS COVERS BOTH THE THEORETICAL FOUNDATIONS AND ALGORITHMIC TECHNIQUES, MAKING IT SUITABLE FOR
STUDENTS AND PRACTITIONERS. THE TEXT INCLUDES NUMEROUS EXAMPLES TO ILLUSTRATE KEY CONCEPTS AND METHODS.
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